The understanding of symmetry operations has brought enormous advancements in physics, ranging from elementary particle to condensed matter systems. In quantum mechanics, symmetry operations are described by either unitary or antiunitary operators, where the latter are unphysical transformations that cannot be realized in physical systems. So far, quantum simulators of unitary and dissipative processes, the only allowed physical dynamics, have been realized in key experiments. Here, we present an embedding quantum simulator able to encode unphysical operations in a multilevel single trapped ion. In this sense, we experimentally observe phenomena associated with the nonunitary Majorana dynamics and implement antiunitary symmetry operations, i.e., time reversal and charge conjugation, at arbitrary evolution times.
plications involving unphysical operations.
A quantum simulator is a promising solution to solve a type of problems that are intractable with classical means (1, 2) . The quantum simulator (3) is expected to revolutionize various disciplines that require demanding computations including condensed matter physics (4, 5) , quantum chemistry (6) (7) (8) , relativistic quantum mechanics (9, 10) , quantum field theory (11, 12) and lattice gauge theories (13, 14) . In recent years, a variety of physical platforms such as neutral atoms (15) , ions (16) , photons (17) , and superconducting circuits (18) have been fruitfully developed to simulate many of the physical processes occurring in nature. Up to now, the main endeavors of the quantum simulator have been focused on efficiently simulating physical processes. Indeed, diverse physically meaningful transformations, as symmetry operations, are impossible to happen in nature or to be observed in the laboratory. Nevertheless, we are used to compute these unphysical transformations with classical resources for the sake of useful scientific calculations.
The study of the above mentioned symmetries has profoundly shaped our comprehension of physical laws. Wigner proved that any symmetry operation acts as a unitary or antiunitary transformation in the Hilbert space, which is known as Wigner's theorem (19) . Charge conjugation and time reversal are paradigmatic examples of antiunitary operations (20) . The charge-conjugation operation converts a particle into its antiparticle, which changes the sign of the charge. The time-reversal operation inverts the motion (21) , which effectively reverses the direction of the time axis. The charge conjugation together with the parity symmetry is not conserved in the weak interaction (22, 23) , just as the time-reversal symmetry. The discovery of the violation of these symmetries has been a decisive breakthrough of the standard model. The Majorana equation (24) ,
where ψ and its charge conjugate ψ c are both present, describes a fundamental non-Hamiltonian system. Similar to the Dirac equation, the Majorana equation satisfies the Lorentz covariance required by relativistic quantum mechanics. Majorana envisioned that the real version of Eq. (1), in which ψ = ψ c , would be the fundamental equation describing neutrinos (24) . Although it
is still an open question whether neutrinos are Dirac or Majorana particles, the complex Majorana dynamics of Eq. (1) has its own theoretical importance in exploring physics beyond the standard model. Due to the presence of the complex conjugation operation, the Majorana dynamics possesses unique features, such as nonconservation of charge and momentum, broken orthogonality, and nontrivial effect of the state global phase. Recently, a quantum simulation of the Majorana dynamics was performed in a photonic quantum platform, by decomposing its evolution in two Dirac equations (25, 26) .
In 2011, it was discovered that unphysical operations can be implemented in an embedding quantum simulator (EQS) by enlarging the associated Hilbert space (27) . The proposed scheme enables us to explore paradigmatic unphysical operations, such as time-reversal and chargeconjugation symmetries. This scheme can be also applied to measure entanglement monotones without full state tomography (28) or to perform noncausal kinematic transformations (29) . An EQS mapping M : C 2 → R 4 may be defined as
where C 2 and R 4 refer to the original and enlarged Hilbert spaces, respectively. Through the mapping M, the complex conjugationK : ψ → ψ * , the time reversalT : t → (−t), and the charge conjugationĈ : ψ → ψ c take the form of unitary two-qubit gate operations in the enlarged Hilbert space:K =σ z ⊗Î,T = iσ z ⊗σ y , andĈ = −σ z ⊗σ x , respectively. As shown in Fig. 1 , one can recover the quantum state in the original Hilbert space, ψ, via the use of the matrix M acting on Ψ.
The Majorana equation in 1 + 1 dimensions, which is given by
is mapped, through the EQS transformation of Eq. (2), to an effective Hamiltonian system
which can be directly implemented in a physical system.
The ion-trap system, a leading platform for quantum simulation (16) , is used to implement the unphysical dynamics and operations. Our system consists of a single 171 Yb + ion confined in a linear Paul trap (30) . The ground-state manifold 2 S 1/2 contains four internal states denoted by |F = 0, m F = 0 ≡ |1 and |F = 1, m F = −1, 0, 1 ≡ |m F + 3 , which are separated by the hyperfine splitting ω HF = (2π) 12.642GHz. A uniform static magnetic field B = 9.694G is applied to define the quantization axis and causes Zeeman splitting ω Z = (2π) 13.5855MHz.
After transforming Eq. (4) to the momentum space, we obtain a simpler Hamiltonian
, where the momentum operator p x is substituted by its eigenvalue p (see Supplementary Materials). For simplicity, we use a set of dimensionless units, i.e. mc 2 for the energy, mc for the momentum, and mc 2 for the time.
The experimental procedure is as follows. First, we map an initial Majorana spinor ψ(x, t = 0) to a real bispinor Ψ(x, t = 0) in the enlarged space. The momentum representation of
Ψ (x, 0) e −ipx/ dx evolves according to the enlarged space HamiltonianĤ p . After encoding Ψ (p, 0) into the ground-state manifold of the trapped 171 Yb + ion, we apply microwaves with six frequencies to implementĤ p . In particular, we use resonant microwaves to couple |1 ↔ |2 and |1 ↔ |4 , and the stimulated two-photon Raman processes with opposite detunings to couple |2 ↔ |3 and |3 ↔ |4 as shown in Fig. 1 . After evolving for a certain time t, we perform quantum state tomography to obtain the enlarged space density matrixˆ (p, t), which can be mapped to the original space density matrixρ (p, t). The average value of a diagonal operator A d in the momentum space can be directly obtained via integration over the momentum, Â d = Tr Â dρ (p, t) dp. To obtain the average value of an offdiagonal operator in the momentum space, for example the average position of the Majorana particle, we change Eq. (4) into a pair of decoupled two-dimensional equations by diagonalizing the first qubit. By coherently evolving a couple of two-dimensional equations with different momenta, we obtain the phase information between different momentum components. We repeat each measurement 1000 times to get the expectation value. The statistical errors, which are mainly due to quantum projection, are estimated by the standard deviation of mean value. In Fig. 2 (D), we experimentally observe the non-conservation of the orthogonality defined as Majorana mass term −imσ yK . The orthogonality ψ (t) |ψ ⊥ (t) , where |ψ ⊥ (t) is the Majorana spinor that evolves from the initial state ( 0 1 )⊗|p , is always zero. This clearly indicates that the non-conservation of the orthogonality | ψ (t) |ψ ⊥ (t) | 2 stems from the non-Hermitian part of the Majorana Hamiltonian. As a result, given the same Majorana mass, we understand that the amplitude of the orthogonality oscillation is inversely proportional to the initial momentum.
Other than the plane waves, we also implement Majorana dynamics with realistic initial wave packets in our embedding quantum simulator. For example, the initial states for the Majorana dynamics in Fig. 3 are moving Gaussian states with momentum distributions centered around p 0 = 1 with internal state
( 1 1 ). The first part of the time axis (0 ≤ t < 4) in Fig. 3 represents the Majorana dynamics of a moving wave packet, where we observe damping oscillation in the momentum space and Zitterbewegung in the position space. The reason of the damping in the momentum space is that a Gaussian wave packet has distribution over many different momentum components, and each momentum component oscillates with different frequency. To our surprise, although the average momentum of a Majorana particle behaves quite different from that of a Dirac particle, there is no visible difference in the behaviors of the average position as well as the probability distribution in position space. This is because a Majorana particle oscillates between the particle and antiparticle components with inverse momentum, but the positions as well as the velocities of the particle and antiparticle are exactly the same (20) . 
Mapping between original and enlarged spaces
In order to implement unphysical operations, such as the time reversal and charge conjugation, in our prototype of the embedding quantum simulator, we first consider the mapping M which transforms the state vector in the original n-dimensional complex Hilbert space C n onto an enlarged 2n-dimensional real Hilbert space R 2n ,
. . .
In the 1 + 1 dimension case, we consider the specific mapping M :
In the following, we use a plane-wave initial state ψ p (x) as an example of the encoding of states in the enlarged Hilbert space, 
is mapped onto a 3 + 1 Dirac equation for a four-component real bispinor
  in the enlarged space, which takes the following form,
wherep x = −i ∂ x is the momentum operator.
In the momentum space, the bispinor Ψ (p, t) is obtained via the Fourier transformation,
and the equation of motion becomes
where the momentum operatorp x is substituted by its eigenvalue p. It is clear that the dynamics governed byĤ p is ready to be implemented in a quantum four-level system.
Microwave Raman transitions
In our 171 Yb + ion system, we use the microwaves for the transitions between |1 and |2 , |3 , |4 levels. We use a microwave Raman scheme similar to the widely used Raman laser scheme for the transitions between |2 to |3 and |3 to |4 transitions. We cannot apply a radio frequency for the operations of these transitions, since the energy gap between |2 ↔ |3 and |3 ↔ |4
is very close, which is (2π)31 kHz for our experimental condition. As shown in Fig. 1 of the main text, 6 different frequencies of microwaves are combined and simultaneously applied to the trap. For the control of 6 microwaves, we use a PCI-board arbitrary waveform generator (AWG) with 1 GHz sampling rate, which is mixed with a 12442.8213 MHz microwave. The AWG generates the signal of 6 frequencies from 186 ∼ 214 MHz.
The system is described by the HamiltonianĤ =Ĥ A +Ĥ AL , with atomic partĤ A beinĝ
and the interaction partĤ AL beinĝ
respectively. We set the 6 frequencies in the microwave as follows,
where ∆ is the detuning for the stimulated Raman transitions and δ i are the frequency shifts used to compensate the AC Stark effect. Using the method in Ref. (33), we obtain the effective HamiltonianĤ eff =Ĥ st +Ĥ cp in the interaction picture defined byĤ A , whereĤ st includes all of the AC Stark shifts, + Ω
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The effective couplings Ω 23 and Ω 34 are defined as follows,
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Transferring into the second rotating frame defined byĤ st , one obtains the following rotating frame HamiltonianĤ
In order to make the final rotating frame Hamiltonian time-independent, the additional detunings should satisfy the following relations,
st , (S13)
st ,
st .
Comparing to the Majorana equation, one obtains the following relations
One problem in this scheme is the slowing down of operations. The Raman transition is 10 times slower than normal Rabi flopping, even with full power. But now we need 6 microwaves together. Decoherence occurs when the whole microwave duration is longer than 600µs. This decoherence problem is later solved by applying a line trigger (34) to the pulse sequencer.
Physical observables
In this part, we will describe in detail the procedure to extract the information of various physical observables from experimental data. The time-dependent enlarged four-component spinor can be formally written in the momentum space as follows,
with |p being the momentum basis, i.e. the plane-wave states, and |χ p (t) describing the inter- , given by i ∂ t |χ p (t) =Ĥ p |χ p (t) , can be simulated in a quantum four-level system. Using quantum state tomography, we experimentally obtain the density matrixˆ p (t) corresponding to |χ p (t) χ p (t)|.
Diagonal operators in the momentum space
The general form of a diagonal operatorÔ dg in the momentum space can be written as follows,
withΣ = c 0Î +c 1σx +c 2σy +c 3σz and f (·) being an arbitrary algebraic function,
The expectation value of this operator at arbitrary time t can be obtained as follows,
We may take the average momentum as a simple example,
The quantum simulation for each |χ p (t) will be as follows.
Prepare the initial state |χ
2. Implement the HamiltonianĤ p and let the system evolve for certain time duration t,
3. Perform the quantum state tomography and obtainˆ p (t) = |χ p (t) χ p (t)|.
Then the matrix element mentioned above can be obtained straightforwardly,
Off-diagonal operators in the momentum space
Then we turn to investigate the method to obtain the expectation value of some off-diagonal operatorsÔ od in the momentum space. We will take position-dependent operators as examples,
i.e.,Ô
As mentioned above, the expectation value can be written as
Since f (x) is not diagonal in the momentum space, the above expression will involve offdiagonal matrix-element as χ p (t) M †Σ M χ p (t) . If we stick to the previous scheme, we will obtain two independent density matricesˆ p (t) andˆ p (t), from which we can not construct the off-diagonal matrix element between two distinct momenta.
Inspired by the effective HamiltonianĤ p for some definite momentum p,
we notice that the first qubit can be diagonalized in theσ x -basis. The quantum states and operators in the new basis {|+ |0 , |+ |1 , |− |0 , |− |1 } and the old basis {|0 |0 , |0 |1 , |1 |0 , |1 |1 }, where |0 and |1 are the eigenstates ofσ z , are related by the following transform matrixŜ,
where |± ≡ 1 √ 2 (|0 ± |1 ) are eigenstates ofσ x . In other words, the equation of motion for |χ p (t) can be written in the new basis as follows,
with the eigenvalues ± p 2 + m 2 and the corresponding eigenstates
Starting from an initial Majorana spinor |ψ (0) =
⊗ |p , the time-dependent Majorana spinor can be formally written as follows,
Note that the appearance of the negative momentum component is originated from the charge conjugation in the Majorana mass term. By definition, the time-dependent charge is obtained the charge conjugation interchanges the particle and antiparticle components in Eq. (S34). In addition to the results in the main text, here we show the theoretical result for the dynamics of the internal degree of freedom in Fig. S1 . In Fig. S1 (B), we can clearly see that the populations of the particle and antiparticle components are interchanged right after the implementation of the charge-conjugation operator. Fig. S1 (C) shows the momentum distributions for the particle and antiparticle components at different times above and below the base lines, respectively. We clearly see from the Majorana dynamics of the internal degree of freedom that the evolution is continued after the implementation of the charge conjugation, although the roles of the particle and antiparticle are interchanged. 
